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We examine surface modes at the nematic-isotropic interface in polymer-liquid-
crystal mixtures using the dynamical Landau-de Gennes model for the orienta-
tional (non-conserved) order parameter coupled with Cahn-Hilliard equation for
concentration (conserved order parameter) and with hydrodynamic degrees of
freedom. The generalized dispersion relation is obtained and analyzed in parti-
cular cases. Orientational order parameter relaxation dominates in the short
wavelength limit, while in the long wavelength limit viscous damping becomes
important. The effect of polymer is to increase the surface tension and as a conse-
quence the relaxation rate in the hydrodynamic limit. Finally, we discuss how to
measure experimentally the dispersion relation.

1. INTRODUCTION

Inhomogeneous materials that have a conserved order parameter
(concentration) and a non-conserved one (orientational order), such as
polymer-liquid crystal mixtures are important not only from a funda-
mental point of view but also for technological applications in electro-
optical devices and high modulus fibres [1]. In such systems [2–4], a
biphasic region between the isotropic and the nematic phases appear
below the nematic-isotropic transition temperature of the pure nemato-
gen. When the system is thermally quenched from the stable isotropic
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phase into the biphasic region, the fluctuations of concentration and of
orientational order take place and isotropic or nematic droplets can
appear. By whatever early stage process (nucleation or spinodal
decomposition), domain walls (interfaces) soon form.

In this paper, we analyze the problem of damping of capillary waves
at these interfaces. In the case of a ‘‘pure’’ nematogen, very different
dispersion relations for waves at the nematic-isotropic interface can
be obtained depending on the way the calculations are done: more pre-
cisely, the diffuse interface model, solved by assuming that the order
parameter and velocity fields do not interact, leads to purely diffusive
surface waves whose mode structure is identical to that of the bulk dif-
fusive modes found in the time-dependent Ginzburg-Landau (TDGL)
equation [5]. On the other hand, the sharp interface model yields
modified capillary waves, with a large propagating component.

In the two previous papers [6,7], these two points of view have been
reconciled by analyzing the surface eigenmodes of the nematic-iso-
tropic interface within the Hess-Olmsted-Goldbart-Qian-Sheng model
[8–10]. In the first one [6], it was assumed that the nematic director is
fixed in space and time, so that the relevant physics was only
described by a scalar order parameter. It turns out that this assump-
tion is only valid if the surface tension is isotropic, (i.e. does not depend
on the director orientation at the interface) and, less obvious, if the
coupling between the flow and the director (and possible ‘backflow’
effects) can be neglected. A general dispersion relation was then
obtained, having as particular cases the (scalar) order parameter
relaxation regime in the short wavelength limit and the viscous damp-
ing regime valid in the long wavelength limit. The transition between
these two regimes takes place at kc ¼ 5:2mm, which should be visible
experimentally. In the second paper, we have reconsidered this prob-
lem in a more general way, by taking into account both the hydrody-
namic coupling with the director and the surface tension anisotropy,
which we know to be as large as 20% at the nematic-isotropic inter-
face. As a result, interface oscillations couple with the director field
via hydrodynamic flow and backflow effects. In the general dispersion
relation three distinct regions can be distinguished: (i) at very large
values of k (k > 6:3 cm) the dissipation due to shear flow dominates
and the nematic behaves as a viscous isotropic fluid, (ii) at intermedi-
ate values of kð1:3 � 10�4 cm < k < 6:3 cmÞ curvature elasticity and
backflow effects become important, and finally (iii) at low values of
k (k < 1:3 � 10�4 cm) the relaxation of the order parameter governs
the physics. The influence of the anisotropy of the surface tension
and of the hydrodynamic coupling between the flow and the director
has a fairly small effect (’�20%) on the relaxation rate; in contrast,
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this influence on the phase velocity is very important in the second
region in which a new propagating mode is observed. The effect of
the rotational viscosity and associated backflow effect is much more
important than that of the anchoring energy.

In what follows we extend the analysis presented in [6,7] to
nematic-isotropic interface in polymer-liquid crystal mixture (the
coupling of TDGL equation and Cahn-Hilliard (CH) Eq. [11] with
hydrodynamic degrees of freedom). A similar model has been used
to analyze the behavior of a suspension of rigid rod particles in shear
flow [12]. We consider that the base state of the system is a planar
nematic-isotropic interface in equilibrium. This condition fixes its tem-
perature. To simplify, we further assume that the temperature is uni-
form (no temperature gradient perpendicular to the interface). Due to
thermal fluctuations, small amplitude monochromatic waves develop
at the interface. A linear stability analysis of the equations is used
to obtain their dispersion relation.

The paper is organized as follows. In Sec. 2 we describe the basic
model and give the governing equations. We then present in Sec. 3
the dispersion relations corresponding to the two regions defined by
the typical lengths in the problem. The general dispersion relation
and numerical results are presented in Sec. 4. In Sec. 5 we make some
suggestions for measuring the dispersion relation. Finally, in Sec. 6,
we draw some conclusions and present directions for future work.

2. EQUATIONS OF MOTION

We consider a polymer-mesogen mixture described by one conserved
parameter (the volume fraction c of mesogen) and a nonconserved
order parameter (orientational order parameter Qab). The orienta-
tional order parameter is a traceless symmetric second rank tensor
with the components given by

Qab ¼ Sð3nanb � dabÞ=2; ð1Þ

where the unit vector ~nn is the nematic director, and S the usual scalar
order parameter. In this paper, although not in future studies, we
shall suppose ~nn to be fixed in space and time, and the relevant physics
is given by the scalar order parameter Sð~rr; tÞ. We note that this is an
idealization which is in general not true during the relaxation, and
even not true close to the interface. However, previous studies [5]
do suggest that the slowest relaxation modes do approximately fulfill
this condition when the director anchoring is homeotropic at the
interface.
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Within the mesoscopic approach, the free energy functional is given
by [3,4]

F½c;Qab� ¼
Z

f ðc;QabÞ þ
1

2
KcðrcÞ2 þ K0ð@acÞð@bQabÞ

�

þ 1

2
L1ð@cQabÞ þ

1

2
L2ð@aQabÞ2

�
dV; ð2Þ

where

f ðc;QabÞ ¼
NkBT

V

1 � c

np
lnð1 � cÞ þ c

nl
ln cþ vcð1 � cÞ

�

þ gnc2 1

3

1

3g
� 1

� �
QabQba �

4

27
QabQbcQca

�

þ 2

27
gðQabQbaÞ2

��
ð3Þ

is the bulk free energy density [3,4], T the absolute temperature, kB the
Boltzmann constant, np the number of segments of the polymer, nl the
axes ratio of the mesogenic molecule, and g ¼ nlnc. The quantity
v ¼ U0=kBT is the Flory-Huggins interaction parameter related to iso-
tropic interaction between unlike molecular species and n ¼ Ua=kBT
parameterizes the orientation-dependent (Maier-Saupe) interactions
between the mesogens [13,14]. Kc and K0 are phenomenological coeffi-
cients [4]. The elastic constants L1 and L2 are related to the Frank-
Oseen elastic constants by the relations K1 ¼ K3 ¼ 9S2

nðL1 þ L2=2Þ=2
and K2 ¼ 9S2

nL1=2, where Sn is the bulk nematic order parameter. In
the so-called ‘‘one-constant approximation’’ (K1 ¼ K2 ¼ K3 ¼ KS) and
Sn ¼ 1, L1 ¼ 2KS=9 and L2 ¼ 0, values which we consider in this paper.

We assume that the heat diffusion is sufficiently rapid in order that
the system remains at thermal equilibrium. We therefore ignore the
equation for energy conservation and assume an isothermal system at
a temperature specified in the formulation of the problem. We further
assume the fluid is incompressible. Within these approximations, the
equations of motion for the velocity and the order parameters become:

r~vv ¼ 0; ð4Þ

q
d~vv

dt
¼ �~rrpþ gr2~vv� ~rr dF

dDS

� �
~rrSþ dF

dc
~rrc; ð5Þ

dc

dt
¼ Ccr2 dF

dc

� �
; ð6Þ

dS

dt
¼ �CS

dF
dS

; ð7Þ
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where q is the density, p the pressure, and d=dt is the total time deriva-
tive @=@tþ~vv � r. The transport coefficients Cc and CS are assumed to be
constants.

The three typical lengths in the problem are as follows:

(i) The microscopic correlation length lS ¼ ðKS=f0Þ1=2 ’ 10�6 cm
(where f0 ¼ 1:3 � 105 erg=cm3 is the free energy density unit) asso-
ciated with the nonconserved order parameter changes;

(ii) The second microscopic length lc ¼ ðKc=f0Þ1=2 ’ 6:6 � 10�5 cm is
related to the conserved order parameter variation;

(iii) The third length is associated to vorticity, i.e., to the flow induced
by the motion of the interface. The corresponding physics is
described by the generalized Navier-Stokes Eq. (5), which can
be considered in the thin interface limit. The important physical
parameters are the capillary force, associated to the interfacial
tension c, the viscous dissipation, associated to viscosity coef-
ficient g, and the fluid inertia, governed by the mass density q.
From these three quantities, we can construct only one length
lg ¼ g2=qc ’ 1 cm, which is the length scale separating the inertial
regime from the viscous one. The typical relaxation time of a per-
turbation of size lg is given by tg ¼ g3=qc2 ’ 10 s.

In the following E ¼ lS=lg ¼’10�6 and d ¼ lc=lg ’ 6:6 � 10�5 consti-
tute the small parameters of the theory.

We consider a two-dimensional flow with horizontal and vertical
velocity components u and v in the x and z directions, respectively.
We rewrite Eqs. (4)–(7) in dimensionless forms by measuring length
in unit of lg, time in unit of tg, and by introducing the dimensionless
quantities: �ff ¼ f=f0, �qq ¼ ql2g=t

2
gf0, �pp ¼ p=f0, �gg ¼ g=f0tg, �CCc ¼ f0tgl

2
cCc=l

4
g ,

�CCS ¼ f0tgl
2
SCS=l

2
g . Omitting the bar notation and considering K0 ¼ 0

(in this case the two order parameter interact only indirectly through
velocity), the governing Eqs. (4)–(7) can be written as

0 ¼ @xuþ @zw; ð8Þ

q
du

dt
¼ �@xpþ gr2u� E2r2S@xS

þ @f

@c
� d2r2c

� �
@xc; ð9Þ

q
dw

dt
¼ �@zpþ gr2w� E2r2S@zS

þ @f

@c
� d2r2c

� �
@zc; ð10Þ
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d2 dc

dt
¼ Ccr2 @f

@c
� d2r2c

� �
; ð11Þ

E2 dS

dt
¼ �CS

@f

@S
� E2r2S

� �
: ð12Þ

In the following we suppose that the stationary planar nematic-iso-
tropic interface (the base state of the system) is situated at z ¼ 0, such
that the nematic lies in the region z < 0 and the isotropic phase in the
region z > 0. As for x axis, it is taken in the direction of the wave vector
~kk of the perturbation along the interface. This is possible without loss
of generality, as the system is isotropic in x and y directions (neglect-
ing the biaxiality of the nematic phase). In this way, the wavenumber
k represents the modulus of the two-dimensional wavevector in the
plane of the interface.

3. ASYMPTOTICS

We seek solution of Eqs. (8)–(12) for d << 1, in the inner region (of
dimension lc) in which both conserved and nonconserved order para-
meters varies rapidly and in the outer region (of dimension lg in which
the physics is governed by hydrodynamics (dissipation by shear flow).

3.1. Outer Region

In the outer region S and c are constant in each phase (ðS; cÞ ¼
ðSnem; cnemÞ for z < 0 and ðS; cÞ ¼ ð0; cisoÞ for z > 0) and the equations
for velocity are the same at all orders in an expansion in d:

0 ¼ @xuþ @zw; ð13Þ

q
du

dt
¼ �@xpþ gr2u ð14Þ

q
dw

dt
¼ �@zpþ gr2w: ð15Þ

Thus, the outer problem is equivalent to the Navier-Stokes equation
subject to the incompressibility condition [15,16]. We consider that the
densities and viscosities of the two phases are equal. The solution cor-
responding to the stationary planar interface is given by u0 ¼ w0 ¼ 0,
p0 ¼ const. We now impose a small periodic sinusoidal perturbation to
the interface of the form nI ¼ nk expðikx� XtÞ, where nI is the vertical
displacement of the interface with respect to its equilibrium position
z ¼ 0. In our notations, k is the wavevector (real number) and X is
the angular frequency. The latter quantity is generally a complex

220=[880] V. Popa-Nita et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

11
 2

2 
A

ug
us

t 2
01

2 



number whose the real part gives the relaxation time s ¼ 1=ReðXÞ of
the wave, and the imaginary part, the phase velocity vp ¼ ImðXÞ=k.
We then look for the solution of Eqs. (13)–(15) in the form
u ¼ U0expðqzþ ikx� XtÞ, w ¼ W0expðqzþ ikx� XtÞ, p ¼ p0 þ P0exp
ðqzþ ikx� XtÞ. After substitution in Eqs. (13)–(15), we get a system
of algebraic equations for the amplitudes:

ikU0 þ qW0 ¼ 0;

ðqX� gðk2 � q2ÞÞU0 � ikP0 ¼ 0;

ðqX� gðk2 � q2ÞÞW0 � qP0 ¼ 0: ð16Þ

Putting the determinant of system (16) equal to zero, we obtain the
following bulk characteristic equation, connecting q, k, and X:

ðk2 � q2Þ½qX� gðk2 � q2Þ� ¼ 0; ð17Þ

with solutions:

q ¼ �k and q ¼ �l where l ¼ k 1 � qX
gk2

� �1=2

: ð18Þ

For a nematic of large depth (region �1 < z < 0), the wavelike
solutions of Eqs. (13)–(15) are of the form:

u ¼ ðikAekz � CelzÞ expðikx� XtÞ; ð19Þ
w ¼ ðkAekz þ ikCelzÞ expðikx� XtÞ; ð20Þ
p ¼ p0 þ qXAekz expðikx� XtÞ: ð21Þ

Similarly, in the isotropic phase (region 0 < z < 1) (using primed
quantities),

u0 ¼ ðikA0e�kz þ lC0e�lzÞ expðikx� xtÞ; ð22Þ
w0 ¼ ð�kA0e�kz þ ikC0e�lzÞexpðikx� xtÞ; ð23Þ
p ¼ p0 þ qXA0e�kz expðikx� XtÞ: ð24Þ

In Eqs. (19, 20) and (22, 23) the velocities are determined by two
contributions: (i) the potential flow described by the terms with ampli-
tudes A and A0, which correspond to the velocity potentials:
w ¼ A expðkzþ ikx� xtÞ and w0 ¼ A0 expð�kzþ ikx� xtÞ; (ii) the rota-
tional flow represented by a vector potential with amplitudes
Cðk2 � l2Þ, C0ðk2 � l2Þ, describing fluids of finite viscosity.
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The Eqs. (19)–(24) correspond to the classical sharp-interface
approach, where it is assumed that the thickness of the inner region
is zero. In this limit, the dispersion relation is determined by the
boundary conditions at the nematic-isotropic interface which can be
taken at z ¼ 0 due to the smallness of the amplitude of the oscillations
[15,16]. These conditions are as follows:

(i) and (ii): The x- and z-components of the velocity must be continu-
ous;

(iii) The tangential components of the stress tensor must also be con-
tinuous, which gives: rxz ¼ r0xz, where rxz ¼ gð@xwþ @zuÞ and
r0xz ¼ gð@xw0 þ @zu

0Þ are the xz-components of the stress tensor in
the nematic phase and the isotropic liquid, respectively.

(iv) As for the jump of the normal component of the stress tensor, it is
given by the Laplace law,

rzz � r0zz ¼ c
@2nI
@x2

; ð25Þ

where rzz ¼ �pþ 2g@zw and r0zz ¼ �p0 þ 2g@zw0 are the normal compo-
nent of the stress at the interface in the nematic phase and in the iso-
tropic liquid, respectively. In this equation, nI ¼ �1

X w jz¼0 correspond to
the displacement of the interface at point x with respect to the plane
z ¼ 0 (with < nI >¼ 0). After substituting solutions (19)–(24) into the
boundary conditions, we obtain a homogeneous system of equations
for the four amplitudes A, A0, C, and C0. Equating to zero its determi-
nant gives the dispersion relation in the form:

X2
g ¼ l� k

l
X2

0; ð26Þ

where X2
0 ¼ � ck3

2q is the capillary wave dispersion relation for ideal
(inviscid) fluids and c ¼ cS þ cc (see next section).

3.2. Inner Region

At small scale, hydrodynamics are negligible. By using inner variables
f ¼ x=d and n ¼ z=d, Eqs. (8)–(12) write as follows:

@fp ¼ �~EE2r2S@fSþ @f

@c
�r2c

� �
@fc; ð27Þ

@np ¼ �~EE2r2S@nSþ @f

@c
�r2c

� �
@nc; ð28Þ

222=[882] V. Popa-Nita et al.
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@c

@t
¼ ~CCcr2 @f

@c
�r2c

� �
; ð29Þ

~EE2 @S

@t
¼ �~CCS

@f

@S
� ~EE2r2S

� �
; ð30Þ

where ~EE ¼ E=d ’ 0:015, ~CCc ¼ f0tgCc=l
2
gl

2
c ,

~CCS ¼ f0tgl
2
SCS=l

2
gl

2
c .

We consider first an equilibrium planar nematic-isotropic interface
perpendicular to the n axis. The horizontal momentum Eq. (27) is
satisfied identically and the remaining equations give (omitting the
tilde signs):

dnp0 ¼ �E2d2
nS0dnS0 þ

@f

@c
ðS0; c0Þ � d2

nc0

� �
dnc0; ð31Þ

d2
nc0 ¼ @f

@c
ðS0; c0Þ � l; ð32Þ

E2d2
nS0 ¼ @f

@S
ðS0; c0Þ; ð33Þ

where the subscript 0 refers to the equilibrium interface. Note that we
have integrated the CH Eq. (29) twice and employed the far field con-
dition that c is bounded (the chemical potential l is the Lagrange mul-
tiplier that ensures the conservation of the nematic). The boundary
conditions are

ðS; cÞ ¼ ðSnem; cnemÞ as z ! �1;
ð0; cisoÞ as z ! 1:

�
ð34Þ

In the far field (the spatial gradients vanish) Eq. (31) gives p0 ¼ p1,
where p1 is the common value of the pressure in the bulk phases and
Eqs. (32) and (33) are equivalent to the following equilibrium con-
ditions:

Df ðS0; c0Þ ¼ 0;
@Df
@c

ðS0; c0Þ ¼ 0;
@Df
@S

ðS0; c0Þ ¼ 0; ð35Þ

whereDf ðS0; c0Þ ¼ f ðS0; c0Þ � f ð0; cisoÞ � lðc0 � cisoÞ and l ¼ @f
@c ð0; cisoÞ

is the chemical potential [11]. The corresponding phase diagram for
np ¼ 10, nl ¼ 2, and n=v ¼ 5 is plotted in Figure 1. In what follows
we use the following values: s ¼ 0:875 (the reduced temperature
s ¼ T=TNI is normalized by the nematic-isotropic phase transition
temperature TNI of the pure nematogen), ciso ¼ 0:756, cnem ¼
0:982, and Snem ¼ 0:509.

In the limit E ! 0 there are two regions inside the inner region. One
is the inner-inner region (of dimension lS) in which the orientational
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order parameter varies and the conserved one is constant and the
inner-outer region (of dimension lc) in which the conserved order para-
meter varies and the orientational one is constant.

In the inner-outer region, S is constant in each phase (S ¼ Snem for
z < 0 and S ¼ Siso for z > 0) and Eqs. (31), (32) are the same at all
orders in an expansion in E:

dnp0 ¼ @Df
@c

ðc0Þdnc0; ð36Þ

d2
nc0 ¼ @Df

@c
ðc0Þ; ð37Þ

where Df ðc0Þ ¼ Df ðSnem; c0Þ ¼ Df ðSiso; c0Þ. Eq. (36) allows us to calcu-
late the pressure field: p0 ¼ p1 þ ðdnc0Þ2=2.

The corresponding solution of Eq. (37) with boundary condition
c0ð�1Þ ¼ cnem and c0ð1Þ ¼ ciso is given by

c0ðnÞ ¼
1

2
ðcnem þ cisoÞ �

1

2
ðcnem � cisoÞ tanh

nffiffiffi
2

p ; ð38Þ

where we have fixed the center of the interface (defined by
c0 ¼ ðcnem þ cisoÞ=2) at n ¼ 0. Correspondingly, the surface tension (in
real variables) is given by

cc ¼ ðf0KcÞ1=2
Z 1

�1
ðdnc0Þ2dn: ð39Þ

FIGURE 1 Phase diagram for np ¼ 10, nl ¼ 2, and n=v ¼ 5. The solid curve
refers to the binodal and dotted line shows the hidden first-order nematic-
isotropic phase transition.
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Fitting Eq. (39) with the experimental value cc ¼ 0:1 erg=cm2 [17] we
find Kc ¼ 5:5 � 10�4 dyn and lc ¼ 6:6 � 10�5 cm.

To obtain the CH dispersion relation [18,19] (valid in the inner-
outer region) we conveniently rewrite Eq. (29) in the form (omitting
the tilde sign):

@Df
@c

�r2c� 1

Cc
ðr2Þ�1@tc ¼ 0: ð40Þ

Substituting a small periodic perturbation of the form cðf; n; tÞ ¼
c0ðnÞ þ CðnÞ expðikf� XtÞ (the relaxation rate X defines the time scale,
s ¼ 1=X, for the relaxation of a perturbation with characteristic
length scale 2p=k) in Eq. (40) leads to the eigenvalue equation:

d2Df
dc2

ðc0ÞC � ðd2
n � k2ÞC � 1

Cc
ðr2Þ�1XC; ð41Þ

which gives

Xc ¼ Cck
2

R1
�1ðdnc0ÞCdnR1

�1 dn
R1
�1 Gkðn� n0Þðdnc0ÞCðn0Þdn0

; ð42Þ

where

Gkðn� n0Þ ¼
Z 1

�1

dq

2p
exp½iqðn� n0Þ�

k2 þ q2
¼ expð�k j n� n0 jÞ

2k
ð43Þ

is the Green function for the operator ðk2 � d2
nÞ. Since k ¼ 0 corres-

ponds to a uniform translation of the interface, we know that
Xk¼0 ¼ 0 is the eigenvalue with the eigenfunction dnc0. For k 6¼ 0,
higher eigenvalues are separated by a gap for the ground state, so
any component of the corresponding eigenfunctions, in the initial dis-
placement of the interface, relaxes quickly to zero. For this reason,
we can consider (at least in the limit of k ! 0) that the ground state
(‘‘slow mode’’) eigenfunction dnc0 is the eigenfunction for any value of
k. In the same limit, Gk ¼ 1=2k, so that the dispersion relation
becomes:

Xc ¼
2Cccc

ðcnem � cisoÞ2
k2: ð44Þ

In the inner-inner region (�ff ¼ x=E and �nn ¼ z=E), c is constant in
each phase (c ¼ cnem for z < 0 and c ¼ ciso for z > 0) and Eqs. (31), (33)
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become:

d�nnp0 ¼ �d2
�nnS0d�nnS0; ð45Þ

d2
�nnS0 ¼ @Df

@S
ðS0Þ; ð46Þ

where Df ðS0Þ ¼ Df ðS0; cnemÞ ¼ Df ðS0; cisoÞ. Eq. (46) allows us to calculate
the pressure field: p0 ¼ p1 � ðd�nnS0Þ2=2.

The corresponding solution of Eq. (46) with boundary condition
S0ð�1Þ ¼ Snem and S0ð1Þ ¼ Siso ¼ 0 is given by

S0ð�nnÞ ¼
1

2
Snem 1 � tanh

�nnffiffiffi
2

p
� �

; ð47Þ

where we have fixed the center of the interface (defined by S0 ¼
Snem=2) at �nn ¼ 0. Correspondingly, the surface tension (in real vari-
ables) is given by

cS ¼ ðf0KSÞ1=2
Z 1

�1
ðd�nnS0Þ2d�nn: ð48Þ

Using the experimental value KS ¼ 2:1 � 10�7dyn [14] and fitting
Eq. (48) with the experimental value cS ¼ 0:01 erg=cm2 [20] we find
f0 ¼ 1:3 � 105 erg=cm3 and lS ¼ 1:3 � 10�6 cm.

To obtain the TDGL dispersion relation (valid in the inner-inner
region), we start with the corresponding form of Eq. (30):

@S

@t
¼ �CS

dDf
dS

�r2S

� �
: ð49Þ

We perturb the base state Eq. (27) by Sð�ff; �nn; tÞ ¼ S0ð�nnÞ þ Sð�nnÞ
expðik�ff� XtÞ. Substituting this form into Eq. (49) and linearizing in
perturbation, give

HS ¼ XS ð50Þ

where H ¼ �d2
z þ k2 þ d2Df

dS2 ðS0Þ can be conveniently thought of as a
quantum mechanical Hamiltonian operator [21]. Note that d2f

dS2 ðS0Þ is
positive at �nn ¼ �1 (where S0 ¼ 0 and S0 ¼ Snem) and negative at
�nn ¼ 0 (where S0 ¼ Snem=2). It follows that d2f

dS2 ðS0Þ represents a poten-
tial well which must have at least one bound state. Xk¼0 ¼ 0 is the
eigenvalue with the eigenfunction d�nnS0 (this can be easily checked
by differentiating Eq. (46) with respect to �nn). Also, since this function
has no node, it must be the ground state. Since the k dependence of H
is simply the additive constant k2, it follows that dS0=d�nn is, for all k,
the ground state eigenfunction, the so-called ‘slow mode’ of eigenvalue
(in ‘‘real units’’):
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XS ¼ CSKSk
2: ð51Þ

In order to obtain the full dispersion relation, we need to match the
solutions obtained in the inner-outer and in the inner-inner regions,
respectively, at first order in E. A similar matching was already done
in Ref. [6] and we refer to that paper for detailed calculations. Using
the same procedure, we obtain the inner region dispersion relation

XSc ¼
cS þ cc
cS
XS

þ cc
Xc

; ð52Þ

where Xc and XS are given by Eqs. (42) (or in simplified form Eq. (44))
and (51), respectively.

The real part of solution of Eq. (52) and its asymptotic limit are
drawn in Figure 2. Two regions must be clearly distinguished. In
the short wavelength limit (region II in the figure) the relaxation of
the orientational order parameter is the dominant process. The disper-
sion relation is then given by Eq. (51) (dotted curve in Fig. 2). In the
large wavelength limit, the interface is sharp with respect to orienta-
tional order parameter, the relaxation of the conserved order
parameter in the inner-outer region dominates and the corresponding
dispersion relation is given by Eq. (44) (dashed curve in Fig. 2).
The transition between these two regimes takes place when

FIGURE 2 The damping rate ReðXÞ in the inner regionas function of
the wave vector k in a log-log plot. The complete dispersion relation, Eq. (52)
(continuous curve), the conserved order parameter dispersion relation
Eq. (44) (dashed line), and non-conserved order parameter dispersion
relation Eq. (51) (dotted curve).
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ReðXSÞ ¼ ReðXcÞ, which gives the critical wave number kc ¼ 0:15 cm�1

and the corresponding critical wavelength kc ¼ 41:9 cm.

4. GENERAL DISPERSION RELATION

Matching the solution obtained in the outer and in the inner region,
respectively, at first order in d, we obtain the generalized dispersion
relation

X2 � XScX ¼ X2
g ; ð53Þ

where Xg and XSc are given by Eqs. (26) and (52) respectively. The real
part of solution of Eq. (53) and its asymptotic limit are drawn in
Figure 3. In the short wavelength limit (region II in the figure) hydro-
dynamics are negligible and the relaxation of the order parameters is
the dominant process. The dispersion relation is then given by Eq. (52)
(dotted curve in Fig. 3) (in this limit the relaxation of the orientational
order parameter is dominant (see Fig. 2)). In the large wavelength
limit (region I in Fig. 3), the interface is sharp and can be considered
as a surface of discontinuity. The viscous damping process in the outer
region then dominates and the corresponding dispersion relation is
given by Eq. (26) (dashed curve in Fig. 3). The transition between
these two regimes takes place when ReðXgÞ ¼ ReðXScÞ, which
gives the critical wave number k1 ¼ 1:4 � 105 cm�1 and the correspond-
ing critical wavelength k1 ¼ 0:5 mm. Inside the region I (in the

FIGURE 3 The general damping rate ReðXÞ as a function of the wave vector k
in a log-log plot. The general dispersion relation Eq. (53) (continuous curve),
the viscous damping dispersion relation Eq. (26) (dashed curve), and the order-
parameters relaxation dispersion relation Eq. (52) (dotted curve).
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hydrodynamic limit) there are two regions corresponding to weak
damping (vp ¼ ImðXÞ=k 6¼ 0) and strong damping (vp ¼ 0), respect-
ively. The crossover between these two regimes takes place at X0 ¼
�gk2=q, which gives k2 ¼ 8 cm�1 and the corresponding k2 ¼ 0:8 cm.
In the strong damping regime X ¼ ck=4g [6], this explains the linear
character of the dashed curve in Figure 3.

It is interesting to compare these results with those obtained in a
‘‘pure’’ nematic case, in which the dispersion relation becomes [6]:

X2 � XSX ¼ X2
g : ð54Þ

In Figure 4 we have plotted comparatively the real part of solution
of Eqs. (53) and (54), respectively. In the large wavelengths limit
(where the hydrodynamics dominate and the relaxation rate is given
by Eq. (26)) the relaxation rate is enhanced by the polymer as a conse-
quence of the enhancement of the surface tension due to concentration
variation Eq. (39) (see also the experimental results [17].

At small wavelengths, in both cases the physics is governed by the
relaxation of the orientational order parameter and the relaxation
rates become identical.

5. PROPOSED EXPERIMENTS TO MEASURE THE
DISPERSION RELATION

A method to measure the dispersion relation in the strong damping
limit of region I (see Fig. 3) would be to look at the mechanically
excited deformation modes of a large (size in centimeters) drop placed

FIGURE 4 ReðXÞ calculated from Eq. (53) (continuous curve) and Eq. (54)
(dotted curve).
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on a Teflon plate, itself situated in a transparent recipient filled with
the isotropic liquid [22,23].

Another method to probe the strong damping limit of regime I would
be to prepare a flat nematic-isotropic interface in a large recipient
(many centimeters in size). The experimental procedure would then
consist of mechanically (or electrically) exciting ‘plane’ surface waves
at a fixed frequency f ¼ 2p=x. In this case, the wavevector of the
waves is complex (q ¼ ReðqÞ þ iImðqÞ). Each component of q can then
be measured by observing the deflection of a laser beam with a pos-
ition sensitive photodiode as a function of the distance to the excitation
point. These two components are then compared to the solution (in q at
fixed X ¼ x) of the dispersion relation. Note that this method has
already been used for studying capillary waves at the nematic-air
interface [24].

To obtain direct information about dynamics of capillary waves,
quasi-elastic laser light-scattering can be used. Briefly, the technique
consists of measuring the power spectrum Pðk;xÞ of the scattered light
at different wavevector k by using an heterodyne detection (for more
details see [25,26]. To a first approximation, the spectrum is Lorent-
zian of half-width ReðXðkÞÞ and it is shifted by ImðXðkÞÞÞ (Doppler
effect due to the wave propagation). Wavevectors accessible exper-
imentally range between 100 cm�1 and 104 cm�1, which turn out to
be the weak damping limit of region I of the present study. Neverthe-
less, it must be noted that in this range of wavevector, ImðXÞ is typi-
cally ten times smaller than ReðXÞ. For this reason, ImðXÞ will be
difficult to measure. One way to improve the situation consists of
decreasing the viscosity in order to increase the phase velocity of the
waves while decreasing their damping.

As for the region of transition between regimes I and II, which is
predicted to appear at a wavevector of the order of 1:4�105 cm�1, it
should be accessible by diffuse scattering of X-rays at grazing inci-
dence. In particular, a photon correlation spectroscopy experiment
should give valuable information in this region where dynamics of
the order parameter become dominant.

Finally, we suggest that the Faraday instability could also be used
to study capillary waves at the nematic-isotropic interface in polymer-
liquid crystal mixtures. We recall that this method consists of exciting
parametrically capillary waves by vibrating a recipient containing the
liquid crystal in the direction perpendicular to the interface. This
experiment has already been performed at the liquid-vapor interface
of the carbon dioxide close to the critical point [27] and we believe it
should be feasible also in our system and provide information about
capillary waves in regime I.
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6. CONCLUSIONS

In this paper we have examined surface modes at the nematic-iso-
tropic interface in polymer-liquid crystal mixtures. We have assumed
an isothermal system characterized by a scalar orientational (noncon-
served) order parameter and a conserved order parameter (volume
fraction of nematogen), both phases having the same density and vis-
cosity, respectively. We have considered the equilibrium planar
nematic-isotropic interface as the base state of the system. The front
was then perturbed with a small amplitude monochromatic plane
wave and the linear stability of the front was examined to obtain
the generalized dispersion relation, Eq. (53). Two distinct regions
can be distinguished (see Fig. 3): (i) At low values of k (k < k1 ¼
1:4 � 105 cm�1) the dissipation due to shear flow dominates and the
polymer-nematic mixture behaves as a viscous isotropic fluid (region
I). Inside region there is a crossover between a weak and a strong
damping regimes that takes place at k ¼ k2 ¼ 8 cm�1. We mention that
the transition defined in Figure 2 does not exist anymore being
covered by hydrodynamics. (ii) At large values of k (k < k1) the
relaxation of the orientational order parameter governs the physics
(region II).

We compared these results with those obtained in Ref [6] for a
‘‘pure’’ nematogen (Fig. 4). The variation of concentration (that
describes the polymer-nematic mixture) gives a ten time larger surface
tension Eq. (39) which enhances ten times the relaxation rate in the
hydrodynamic limit (see the low k region in Fig. 4). At the large values
of k the effect of concentration disappears and the physics is governed
only by the relaxation of the orientational order parameter.

In Sec. 5, based on some experiments already done especially in the
static case, we have proposed experiments to examine and study the
dynamics of the capillary waves in these two regimes.

Finally, we note that a similar analysis applied to Cahn-Hilliard equa-
tion coupled with hydrodynamics gives a wavelength of the transition
k ’ 400mm which is of the same order of magnitude as the Mullins-
Sekerka threshold wavelength [14]. Thus, it would be very interesting
to study the influence of hydrodynamics on the Mullins-Sekerka insta-
bility, problem which we want to address in a future study.

REFERENCES

[1] Crawford, G. P. & Zumer, S. (Eds.) (1996). In: Liquid Crystals in Complex Geome-
tries, Taylor Francis: London.

[2] Fukuda, J. (1998). Phys. Rev. E, 58, R6939; (1999), 59, 3275.

Waves at the Nematic-Isotropic Interface 231=[891]

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

11
 2

2 
A

ug
us

t 2
01

2 



[3] Matsuyama, A. & Kato, T. (1996). J. Chem. Phys., 105, 1654; (1998), 108, 2067;
(1999). Phys. Rev. E, 59, 763.

[4] Matsuyama, A., Evans, R. M. L., & Cates, M. E. (2000). Phys. Rev. E, 61, 2977;
(2002). Eur. Phys. J. E, 9, 79; (2002), 89.

[5] Ziherl, P., S̆arlah, A., & Z̆umer, S. (1998). Phys. Rev. E, 58, 602; S̆arlah, A. & Z̆umer,
S. (1999). Phys. Rev. E, 60, 1821.

[6] Popa–Nita, V. & Sluckin, T. J. (2002). Phys. Rev. E, 66, 041703.
[7] Popa-Nita, V. & Oswald, P. (2003). Phys. Rev. E, 68, 061707.
[8] Hess, S. & Naturforsch. Z. (1976). 31a, 1507.
[9] Olmsted, P. D. & Goldbart, P. (1990). Phys. Rev. A, 41, 4578; (1992), A46, 4966.

[10] Qian, T. & Sheng, P. (1998). Phys. Rev. E, 58, 7475.
[11] Cahn, J. W. & Hilliard, J. E. (1958). J. Chem. Phys., 28, 258; (1959), 31, 688.
[12] Olmsted, P. D. & Lu, C.-Y. D. (1999). Phys. Rev. E, 60, 4397.
[13] de Gennes, P. G. & Prost, J. (1993). The Physics of Liquid Crystals second edition:

Oxford University Press.
[14] Oswald, P. & Pieranski, P. (2000). Les Cristaux Liquides: concepts et propriétés

physiques illustrés par des expériences, Volume 1, Gordon and Breach Science
Publishers.

[15] Landau, L. D. & Lifshitz, E. M. (1959). Fluid Mechanics, Pergamon Press: Oxford.
[16] Levich, V. G. (1962). Physicochemical Hydrodynamics, Prentice-Hall: Englewood

Cliffs, N.J.
[17] Smith, G. W., Vaz, N. A., & Vansteenkiste, T. H. (1989).Mol. Cryst. Liq. Cryst., 174, 49.
[18] Shinozaki, A. & Oono, Y. (1993). Phys. Rev. E, 47, 804.
[19] Bray, A. J. (1998). Phys. Rev. E, 58, 1508.
[20] Faetti, S. & Palleschi, V. (1984). J. Chem. Phys., 81, 6254; (1984). Phys. Rev. A, 30,

3241.
[21] Langer, J. S. (1967). Ann. of Phys., 41, 108; Zittartz, J. (1967). Phys. Rev., 154, 529;

Bray, A. J. (1998). Phys. Rev., E, 58, 1508; van Saarloos, W. (1998). Phys. Rep.,
301, 9.

[22] Williams, R. (1976). Mol. Cryst. Liq. Cryst., 35, 349.
[23] Adamson, A. W. (1990). Physical Chemistry of surfaces, Wiley Interscience: New

York.
[24] Sohl, C. H., Miyano, K., Ketterson, J. B., & Wong, G. (1980). Phys. Rev. A, 22, 1256.
[25] Meunier, J. (1988). For a review about experimental studies of liquid at interfaces,

see In: Liquids at interfaces, Charvolin, J., Joanny, J.-F., & Zinn-Justin, J. (Eds.),
Les Houches: Session XLVIII, North-Holland.

[26] Klipstein, W. M., Radnich, J. S., & Lamoreaux, S. K. (1996). For the description of a
simple apparatus allowing the study of capillary waves at a liquid surface through
the quasielastic scattering of light. Am. J. Phys., 64, 758.

[27] Fauve, S., Kumar, K., Laroche, C., Beysens, D., & Garrabos, Y. (1992). Phys. Rev.
Lett., 68, 3160.

232=[892] V. Popa-Nita et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

11
 2

2 
A

ug
us

t 2
01

2 


